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t In this paper, we study s
hedulability analysis problems formulti-pro
essor real-time systems. Assume a set of real-time tasks whoseexe
ution times and deadlines are known. We use timed automata todes
ribe the non-deterministi
 arrival times of tasks. The s
hedulabilityproblem is to 
he
k whether the released task instan
es 
an be exe
utedwithin their given deadlines on a multi-pro
essor platform where ea
hpro
essor has a task queue to bu�er task instan
es s
heduled to run onthe pro
essor. On the positive side, we show that the problem is de
idablefor systems with non-preemptive s
hedulers or tasks with �xed exe
utiontimes. A surprising negative result is that for multi-pro
essor systemswith variable task exe
ution times and a non-preemptive s
heduler, thes
hedulability analysis problem is unde
idable, whi
h is still an openproblem in the single-pro
essor setting.1 Introdu
tionReal-time systems are often designed as a 
olle
tion of real-time tasks and as
heduling strategy implemented as a s
heduler. Ea
h of the tasks may have aset of task parameters su
h as release rate (or release pattern), best and worst-
ase exe
ution times on the target hardware, priority, and deadline et
. In theoperation of a system, the tasks will be released a

ording to the pre-designedrelease rates, and the released task instan
es are s
heduled to exe
ute on apro
essor by the s
heduler. Here the s
heduler, namely the s
heduling strategy,is the 
riti
al 
omponent for the 
orre
t fun
tioning of a system. It makes thede
ision about in whi
h order the released task instan
es should be exe
uted,based on the task parameters and the 
urrent system state.An important design problem is to analyze whether all the task instan
es
an be exe
uted within the given deadlines, whi
h is essentially to estimatethe worst-
ase response times of the tasks. This is the so-
alled s
hedulabilityanalysis based on (1) the task release patterns, (2) the task parameters and (3)the s
heduling poli
y, all of whi
h are from the system design phase. The sour
eof 
omplexity in solving the analysis problem is in dealing with task releases



and preemptions. A newly released task instan
e may preempt a running task,whi
h in�uen
es the response time for the preempted task. Classi
 solutions,e.g., Rate-Monotoni
 Analysis often assume deterministi
 task release patternssu
h as periodi
 tasks [LL73℄ or deterministi
 patterns with �xed type of non-determinism su
h as jitters [But97℄ and o�sets [RC01℄. A 
hallenge is to solve thes
hedulability analysis problem for systems with dynami
 and non-deterministi
task releases and preemptions. In re
ent years, in a series of work, we have usedtimed automata [AD94℄ to model task release patterns and solved the problemfor a large 
lass of single-pro
essor systems [FKPY07,FMPY06℄.In [FKPY07℄, timed automata are extended with asyn
hronous tasks. Ea
hlo
ation of a timed automaton may be asso
iated with a task. As soon as theautomaton visits a lo
ation, an instan
e of the asso
iated task is released andput (s
heduled) into a task queue for exe
ution. Compared with 
lassi
 taskmodels studied in the literature on s
heduling, extended timed automata providea mu
h more expressive model whi
h, in fa
t, inherits the full expressive power oftimed automata for modeling of dynami
 and non-deterministi
 task releases andpreemptions. In our previous work, the 
lassi
 notion of s
hedulability analysishas been extended to the automata model, and it is shown that for a large 
lassof systems, the problem 
an be solved automati
ally using algorithmi
 methods.However, the study has been restri
ted to the single-pro
essor setting.In this paper, we study the s
hedulability analysis problem of the extendedautomata model in the multi-pro
essor setting. Basi
 s
heduling algorithmsfor multi-pro
essor systems 
an be found in, e.g., [Liu00℄. For re
ent work ons
hedulability analysis for multi-pro
essor systems and further referen
es, see[ABJ01,BCL05℄. We assume that a system has a �xed number of pro
essorsavailable. Ea
h pro
essor is asso
iated a task queue, where the released taskswait to be pro
essed. A s
heduling poli
y (modeled as a fun
tion) de
ides fora newly released task instan
e into whi
h queue and at whi
h position in thequeue it will be inserted. However, task migration is not allowed, that is, on
ea task instan
e is assigned to a pro
essor, it will remain in the asso
iated queueuntil it �nishes.On the positive side, we show that the problem is de
idable as for the single-pro
essor 
ase if1. the s
heduler runs a non-preemptive s
heduling strategy, or2. the tasks have �xed exe
ution times, that is, the best and worst-
ase exe
u-tion times 
oin
ide.It is an open problem, whether for the 
lass of systems with variable taskexe
ution times and a preemptive s
heduler, the s
hedulability problem is de-
idable in the single-pro
essor setting. This problem be
omes unde
idable whenthe s
heduling poli
y has at least two pro
essors with their task queues avail-able. More pre
isely as a main te
hni
al result of this paper, we show that thes
hedulability problem will be unde
idable for multi-pro
essor systems if1. the s
heduler runs a preemptive s
heduling strategy, and2. the tasks have variable exe
ution times ranging over an interval between thebest and worst-
ase exe
ution times.2



2 PreliminariesIn this se
tion, we introdu
e the 
on
ept of task automata (timed automataextended with tasks) developed in [FKPY07℄, and the multi-pro
essor s
hedula-bility problem.2.1 Task AutomataLet C be a �nite set of 
lo
ks. A fun
tion ν : C → R≥0 is 
alled a 
lo
k valuationwhile the set of all 
lo
k valuations over the 
lo
ks C is denoted by V(C). With
ν[r] we denote the 
lo
k valuation whi
h is equal to ν, ex
ept that all 
lo
ks in
r ⊆ C are reset to zero. B(C) is the set of 
lo
k guards g, whi
h are 
onjun
tionsof expressions of the form x1 1 N and x1−x2 1 N with x1, x2 ∈ C, N ∈ N≥0 and
1 ∈ {<, =, >}. If g 
ontains only x1 1 N expressions, we say it is diagonal-free.A valuation ν satis�es a guard g (written ν |= g) if for all expressions x1 1 N and
x1 − x2 1 N in g it holds that ν(x1) 1 N and ν(x1) − ν(x2) 1 N , respe
tively.Tasks and task queues. We de�ne a task type as a tuple (P, B, W, D) written
P (B, W, D) where P is the task name (unique for ea
h task type), B, W ∈ N≥0the best and worst 
ase 
al
ulation times (with B ≤ W andW ≥ 1) andD ∈ N≥1the relative deadline. A task instan
e Pi(bi, wi, di) of type Pi(Bi, Wi, Di) is a re-leased 
opy of this task type with bi, wi, di ∈ R being the remaining values. Atask queue q is a list [P1(b1, w1, d1), . . . , Pn(bn, wn, dn)] of task instan
es (of pos-sibly the same type). By a dis
rete part of a queue [P1(b1, w1, d1), . . . , Pn(bn, wn,

dn)] we mean the list of the 
orresponding task names [P1, . . . , Pn] (the informa-tion about the remaining 
omputation times and deadline is proje
ted out). Let
P be the �nite set of task types and QP be the set of queues over this task typeset. We use a fun
tion Run : QP × R≥0 → QP whi
h given a non-negative realnumber t and a task queue q returns the task queue after t time units of exe
utionon a pro
essor. The result of Run(q, t) for q = [P (b1, w1, d1), Q(b2, w2, d2), . . . ,
R(bn, wn, dn)] and t ≤ w1 is de�ned as q′ = [P (b1−t, w1−t, d1−t), Q(b2, w2, d2−
t), . . . , R(bn, wn, dn − t)]. For an empty queue, denoted by [], Run([], t) = [].De�nition 1. A task automaton over a
tions Act, 
lo
ks C, and task types Pis a tuple 〈N, l0, E, I, M, xdone〉 where� N is a �nite set of lo
ations,� l0 ∈ N is the initial lo
ation,� E ⊆ N × B(C) ×Act × 2C × N is the set of edges,� I : N → B(C) is a fun
tion assigning a 
lo
k 
onstraint to ea
h lo
ationwhi
h is 
alled lo
ation invariant,� M : N →֒ P is a partial fun
tion assigning lo
ations with task types,1 and� xdone ∈ C is the 
lo
k whi
h is reset whenever a task �nishes.We write l

g a r
−→ l′ for 〈l, g, a, r, l′〉 ∈ E.1 Note that M is a partial fun
tion meaning that some of the lo
ations may have notasks. 3



Semanti
s. An important part of the operational semanti
s is the s
hedulingfun
tion, whi
h de
ides, into whi
h queue and at whi
h position a newly re-leased task should be inserted. For the sake of presentation, we �rst introdu
ethe s
heduling fun
tion Sch : P ×QP → QP for the single-pro
essor 
ase. Givena task instan
e and a task queue, it returns the task queue with the task in-stan
e inserted and the order of the other task instan
es preserved. Dependingon whether the s
heduler is preemptive or non-preemptive, the fun
tion mayinsert new tasks as the �rst element or not. Sin
e we want this fun
tion to been
odable in timed automata, the de�nition has the following important 
ondi-tion.De�nition 2. Sch : P × QP → QP is a s
heduling fun
tion, if for ea
h tasktype P (B, W, D) and dis
rete part [P1, . . . , Pn] of a queue there 
an be e�e
tively
onstru
ted a diagonal-free timed automaton with� Clo
ks yb
1, y

w
1 , yd

1 , . . . , yb
n, yw

n , yd
n,� n + 2 lo
ations l0, l1, . . . , ln+1, and� n + 1 edges from l0 to li for 1 ≤ i ≤ n + 1,su
h that Sch(P (B, W, D), [P1(b1, w1, d1), . . . , Pn(bn, wn, dn)]) inserts P (B,

W, D) into the queue at the k-th position if and only if lk is the only lo
ationrea
hable from (l0, u) where u(yb
i ) = bi, u(yw

i ) = wi, u(yd
i ) = di for all 1 ≤ i ≤ n.This de�nition generalizes the notion of a s
heduling poli
y. Most of thestandard s
heduling poli
ies su
h as EDF (Earliest Deadline First), FPS (FixedPriority S
heduling), FIFO, et
. satisfy this 
ondition, but also ad ho
 poli
iessu
h as 
ombinations of the standard ones are also in
luded. Therefore, theresults hold for a very general 
lass of s
heduling poli
ies.In the multi-pro
essor 
ase, the s
heduling fun
tion takes k queues and a tasktype as an input and returns the queues with the new task instan
e inserted atsome position in one of the queues. It 
an use the information from all the queuesfor its de
ision. Ea
h timed automaton 
orresponding to a s
heduling poli
y then
ontains 
lo
ks for all the instan
es in all the queues. To simplify the notation,we assume that for k queues q1, . . . , qk with dis
rete parts q̃1, . . . , q̃k, all the taskinstan
es are indexed by one index i ranging from 1 to ∑

1≤j≤k |q̃j |, where |q̃j |denotes the number of the task instan
es in the queue qj . E.g., the index of the�rst task instan
e in q2 is |q̃1| + 1. Also, all possible positions where a new task
an be inserted are indexed by one index ranging from 1 to ∑
1≤j≤k |q̃j |+k. E.g.,the |q̃1|+2-th position denotes the �rst (head) position of the se
ond queue (the�rst task instan
e in q2 after insertion). By bi, wi and di we denote as before the
ontinuous queue information for the task instan
e pi.De�nition 3. (Multi-pro
essor S
heduler) Let k ∈ N be the number of pro
es-sors. Then Schk : P × (QP)k → (QP)k is a multi-pro
essor s
heduling fun
tion,if for ea
h task type P (B, W, D) and dis
rete parts of queues q̃1, . . . , q̃k, there
an be e�e
tively 
onstru
ted a diagonal-free timed automaton with� Clo
ks yb

1, y
w
1 , yd

1 , . . . , yb
K , yw

K , yd
K where K =

∑
1≤j≤k |q̃j |,4



� K + k + 1 lo
ations l0, l1, . . . , lK+k and� K + k edges from l0 to lj for 1 ≤ j ≤ K + k,su
h that the fun
tion Sch(P (B, W, D), q1, . . . , qk) inserts P (B, W, D) at the
m-th position if and only if lm is the only lo
ation rea
hable from (l0, u) where
u(yb

i ) = bi, u(yw
i ) = wi, u(yd

i ) = di for all 1 ≤ i ≤ K + k.Note that this de�nition does not allow for moving tasks between pro
essorsafter they got assigned to one pro
essor at the moment when they are released,that is, we do not allow task migration.A task automaton may � just as a timed automaton � perform event anddelay transitions, and additionally task �nishing transitions. An event transi-tion 
orresponds to the arrival of a new task, and a delay transition 
orrespondsto a
tive tasks being exe
uted while the others are waiting, or just pro
essoridling in 
ase some queue is empty. Transitions of the third type remove �nishedtasks from the queues and reset the 
lo
k xdone, giving thus a feedba
k to theautomaton (xdone 
an be 
he
ked in the guards). We give now the formal de�-nition of the operational semanti
s for a system with k pro
essors as a labeledtransition system (LTS), where S := N × V(C) × (QP)k is the state spa
e, thusin
orporating the queues into the state information. Let ν0 be a 
lo
k valuationassigning all 
lo
ks the value 0, and Σ := Act ∪ R≥0 ∪ {fin} a set of labels (forevents, time pass values and task �nishing).De�nition 4. Given a s
heduling strategy Schk over k pro
essors, the semanti
sof a task automaton A = 〈N, l0, E, I, M, xdone〉 is a labeled transition system
JASchk

K = 〈S, s0, Σ, T 〉 with s0 = (l0, ν0, []) and T the set of transitions de�nedby the following rules:� (l, ν, q1, . . . , qk)
a

−→Schk
(l′, ν[r], Schk(M(l′), q1, . . . , qk)) if l

g a r
−→ l′, ν |= g, and

ν[r] |= I(l′),� (l, ν, q1, . . . , qk)
t

−→Schk
(l, ν+t, Run(q1, t), . . . , Run(qk, t)) if t ∈ R≥0, (ν+t) |=

I(l), and for all i with qi = P (b, w, d) :: q′i it holds that t ≤ w, and� (l, ν, q1, . . . , P (b, w, d) :: qi, . . . , qk)
fin
−→Schk

(l, ν[xdone], q1, . . . , qi, . . . , qk) if b ≤
0 ≤ w and ν[xdone] |= I(l),where P (b, w, d) :: q denotes the queue with the task instan
e P (b, w, d) on the�rst position and q being the (possibly empty) tail.Finally, we 
an also de�ne the main question this work deals with, namelywhether a task automaton models s
hedulable sequen
es of task releases. As alldeadlines in our model are hard, we say that a task automaton is s
hedulable fora given s
heduling strategy if no matter how does the (non-deterministi
) 
om-putation evolve, all deadlines are met. We use qerr to denote queues 
ontaininga task instan
e P (b, w, d) with d < 0.De�nition 5. (S
hedulability) A task automaton A with initial state (l0, u0,

[], . . . , []) is uns
hedulable with Schk if (l0, u0, [], . . . , []) −→
∗
Schk

(l, u, q1, . . . , qerr,

. . . , qk) for some l and u. Otherwise, we say that A is s
hedulable with Schk.5



We 
all a queue uns
hedulable if it will inevitably lead to a deadline missprovided that all tasks take their worst 
ase 
omputation times. Otherwise, aqueue is said to be s
hedulable. The important observation for s
hedulable queuesis that their length is bounded ([FKPY07℄):Lemma 1. Given a �nite task type set P, one 
an e�e
tively 
onstru
t a naturalnumber BP su
h that |q| ≤ BP for all s
hedulable queues q.2.2 De
idability for Task AutomataA system, modeled by a task automaton and a s
heduling fun
tion, 
an have thefollowing three properties:Preemption: The s
heduler may insert a newly released task to the head ofa non-empty queue, thus preempting all tasks already in the queue (a non-preemptive s
heduler may insert tasks only at other positions).Variable task exe
ution times: There 
an be task types Pi(Bi, Wi, Di) su
hthat Bi < Wi, meaning that the task may non-deterministi
ally �nish exe-
ution at a time within the interval [Bi, Wi].Feedba
k: The pre
ise �nishing time of a task may in�uen
e the new taskreleases (by means of using xdone in a guard).Note that the more of these properties are dropped for a task automaton,the easier the s
hedulability analysis problem be
omes.In [FKPY07℄, the s
hedulability problem is studied for single-pro
essor sys-tems. It is shown that (even with only one pro
essor) s
hedulability be
omesunde
idable if a task automaton has all three properties. In turn, it was alsoshown that if there is no preemption, the problem be
omes de
idable. The sameholds if there is no variable exe
ution time. The open question remains, whethers
hedulability is de
idable if xdone is not used in the guards for 
reating feedba
k.This last variant has also been proven de
idable for 
ertain types of s
hedulersin [FKPY07℄, but there is no result for the general 
ase.We study these questions for multi-pro
essor s
heduling. Sin
e single-pro
es-sor systems are just a spe
ial 
ase of multi-pro
essor systems, the negative result,namely that the s
hedulability be
omes unde
idable if a task automaton has allthree properties, transfers to our setting. We show that the problem remainsde
idable for the following 
lasses:1. A non-preemptive s
heduler (but possibly variable exe
ution time and feed-ba
k) or2. Fixed exe
ution time tasks (B = W for all task types, but possibly a pre-emptive s
heduler and feedba
k).On the other hand, we show that the s
hedulability analysis problem be
omesunde
idable for the third 
ase:3. No feedba
k (but possibly a preemptive s
heduler and variable exe
utiontime). 6



3 De
idable Cases of Multi-Pro
essor S
hedulingIn this se
tion, we show that the multi-pro
essor s
hedulability problem is de-
idable for the �rst two 
ases. The proof is done by redu
tion of this problemto the rea
hability problem for timed automata. For a given number of pro
es-sors, a task automaton, and a multi-pro
essor s
heduling poli
y, we 
onstru
t atimed automaton with an error lo
ation su
h that the system is uns
hedulableif and only if the error lo
ation is rea
hable. Our 
onstru
tion is based on the
onstru
tion for the single-pro
essor 
ase from [FKPY07℄ and [EWY99℄.3.1 Fixed 
omputation timeFirst, we handle the 
ase where all tasks have �xed 
omputation time (but thes
heduler 
an be preemptive and there 
an be feedba
k from the s
heduler ba
kto the automaton).Theorem 1. The problem of 
he
king whether a task automaton A with �xed
omputation times of tasks together with a multi-pro
essor s
heduler Schk iss
hedulable, is de
idable.Proof (Sket
h). The given task automaton A is transformed into a standardtimed automaton E(A) by taking the underlaying timed automaton of A, remov-ing the labels and adding new labels releaseP on edges where A would releasean instan
e of task type P . Be
ause of De�nition 2 and Lemma 1, the wholes
heduling strategy for s
hedulable queues 
an be en
oded as a timed automa-ton E(Schk) (the s
heduler automaton) as follows. The 
ontinuous part of thequeues, namely the best/worst 
ase 
omputation times and remaining relativedeadlines, are en
oded in 
lo
ks. There are two 
lo
ks xc
i and xd

i for ea
h taskinstan
e pi in the queues, whi
h measure how long this task instan
e has been
omputed and how long it has been released. The dis
rete parts of the queues(the order of the task instan
es) are en
oded in lo
ations of E(Schk). Sin
e thequeue length of s
hedulable queues is bounded (Lemma 1) and the number ofthe queues is �xed, there are only �nitely many lo
ations needed. On
e a queuebe
omes uns
hedulable, E(Schk) will enter a dedi
ated error lo
ation. The edgesand their guards 
orrespond to the 
omparisons whi
h the s
heduling fun
tionuses for its de
isions.The values of bi, wi and di for ea
h task instan
e pi in the queue 
an beexpressed using the 
lo
ks xc
i and xd

i , whi
h is ensured by the 
onstru
tion inthe following way. Whenever a new instan
e pi of type Pj is released (event
releasePj

), the 
lo
k xd
i is reset. Before a task instan
e pi is put to the head ofits queue (whi
h models the beginning of the task exe
ution), the values bi, wiand di from the queue 
an be expressed as Bj , Wj and Dj − xd

i , respe
tively.The 
lo
k xc
i is not used at all.As soon as the task instan
e pi is s
heduled for exe
ution for the �rst time,the 
lo
k xc

i is reset, keeping tra
k of its 
omputation progress. For a running taskinstan
e pi, the values bi, wi and di from its queue 
an be expressed as Bj − xc
i ,7



Wj − xc
i and Dj − xd

i , respe
tively. Therefore, this task instan
e may �nishwhenever "Bj ≤ xc
i ≤ Wj" holds. To model task �nishing, E(Schk) removes pifrom its queue and resets xdone. Whenever a 
onstraint "xd

i > Dj" is met for areleased task instan
e pi, an error lo
ation "uns
hedulable" is entered.Be
ause of the preemption, tasks waiting in the queues may have alreadybeen exe
uted for some time, but they are stopped now. Sin
e it is not possibleto stop their xc
i 
lo
ks, the time for whi
h a preempted task pi was already
omputed is represented not just by its xc

i 
lo
k, but by a di�eren
e xc
i − xc

j .Here, pj is the task whi
h dire
tly preempted pi.When a running task pm �nishes, all xc
i of the preempted tasks pi are up-dated by subtra
ting xc

m, i.e., the 
omputation time whi
h was needed by pm.In general, the rea
hability for timed automata with su
h updates is unde
id-able, but be
ause of the �xed 
omputation time property, xc
m = Bj = Wjis a 
onstant natural number (assume that the type of pm is Pj). Therefore,
lo
ks in the resulting timed automaton E(Schk) (and in the produ
t automa-ton E(Schk) ‖ E(A)) are updated only by subtra
tions of integers. There is alsoa bound on the values of the 
lo
ks whi
h are subtra
ted (the deadline), whi
hmakes the rea
hability problem for this type of automata (Timed Automatonwith Bounded Subtra
tion) de
idable, as proven in [FKPY07℄.The produ
t automaton E(Schk) ‖ E(A) des
ribed above is a timed automa-ton with bounded subtra
tion for whi
h it holds that the "uns
hedulable" errorstate is rea
hable if and only if A is uns
hedulable with s
heduling strategy Schk.The proof of this fa
t for the multi-pro
essor 
ase is the same as for thesingle-pro
essor 
ase in [FKPY07℄, with the di�eren
e that there 
an be severaltasks running at the same timepoint. Therefore, it is ne
essary to 
he
k thatCondition C3 from the proof in [FKPY07℄, i.e., 
orre
tness of the invariant bi =

Bm − (xc
i − xc

j), also holds here.But from the fa
t that the s
heduling fun
tion 
annot move tasks from onequeue to another one it follows that whenever a task instan
e pi of type Pm ispreempted by another instan
e pj of type Pn, it will stay preempted (i.e., notbeing 
omputed) until pj �nishes. Moreover, for pj it holds that bj = Bn, wj =
Wn at the timepoint when it preempts pi. This together implies the 
orre
tnessof C3 and thus also of the updates at the end of preemption.

⊓⊔Note that here, the diagonal-freeness in guards from the s
heduler (see De�-nition 2) is important, be
ause it is ne
essary to use 
lo
k di�eren
es to expressthe 
omputation time of tasks. (A 
omparison of a 
lo
k di�eren
e to a 
onstantis already a diagonal 
onstraint whi
h 
annot be further extended by another
lo
k.)3.2 Non-preemptive s
hedulerIn this 
ase, tasks are not allowed to preempt other already running tasks, whi
hmakes handling the 
omputation time of all tasks in the queues easier. Therefore,even variable 
omputation time of tasks 
an be allowed.8



Theorem 2. The problem of 
he
king whether a task automaton together witha non-preemptive multi-pro
essor s
heduler is s
hedulable, is de
idable.Proof (Sket
h). Here, the same 
onstru
tion as above is used, i.e., two au-tomata E(A) and E(Schk) are 
reated. Again, E(Schk) keeps tra
k of 
omputa-tion progress and time pass sin
e the release in 
lo
ks xc
i and xd

i for ea
h releasedtask pi.As in the previous 
ase, whenever a new instan
e pi of type Pj is released(event releasePj
), the 
lo
k xd

i is reset. Before a task instan
e pi is put to thehead of a queue, the values bi, wi and di from the queue 
an be expressed as Bj ,
Wj and Dj − xd

i , respe
tively. The 
lo
k xc
i is not used at all.As soon as the task instan
e pi is s
heduled for exe
ution, the 
lo
k xc

i isreset, keeping tra
k of the 
omputation progress of the task. For a running taskinstan
e pi, the values bi, wi and di from its queue 
an be expressed as Bi − xc
i ,

Wi − xc
i and Di − xd

i , respe
tively.Be
ause the s
heduler is non-preemptive and the s
heduling fun
tion 
annotmove tasks from one queue to another one, only the running task in ea
h queuehas already started its 
omputation. The tasks whi
h are not at the head of somequeue did not start their 
omputations yet. For this reason, we do not need touse xc
i of the waiting tasks to 
ompute bi and wi.

⊓⊔Note that for this result, the de�nition of the s
heduling fun
tion (De�ni-tion 2) does not have to be that restri
tive in the sense that also diagonal 
on-straints 
an be allowed for the de
isions in the s
heduling fun
tion. The reasonis that the 
omputation time and deadline values in the queues are en
oded into(at most) one 
lo
k ea
h. The possibility of using diagonal 
onstraints in thes
heduler's de
isions makes (for the non-preemptive 
ase) en
oding even of theLeast Sla
k First [But97℄ s
heduling poli
y possible.4 Unde
idabilityIn this se
tion we show, that the s
hedulability problem is unde
idable for multi-pro
essor systems with at least two s
heduling queues. This holds even if thepre
ise task �nishing times 
annot in�uen
e releases of new tasks.Theorem 3. The problem of 
he
king whether a task automaton without feed-ba
k using a k-multi-pro
essor s
heduler is s
hedulable, is unde
idable for k ≥ 2.To develop the proof, we �rst sket
h a 
onstru
tion used in [FKPY07℄ forthe single-pro
essor 
ase, where the automaton was allowed to use task feedba
k.We then extend the result to the multi-pro
essor 
ase, even if no task feedba
kis involved.4.1 Unde
idability on single-pro
essor using feedba
kThe unde
idability proof for the general single-pro
essor s
hedulability problemis done by a redu
tion from the halting problem for two-
ounter ma
hines. A two-9




ounter ma
hine 
onsists of a �nite state 
ontrol unit and two unbounded non-negative integer 
ounters. The three possible instru
tions are 
ounter-in
rement,
ounter-de
rement and 
onditional bran
hing (
he
king whether a 
ounter valueis zero). After ea
h step, the ma
hine state is 
hanged deterministi
ally. Oneof the states is a dedi
ated halt state. It is known, that the problem whetherthis halt state is rea
hable (the halting problem for two-
ounter ma
hines) isunde
idable.The idea is, given a two-
ounter ma
hine M , to 
onstru
t a task automaton
AM and a s
heduling poli
y su
h that a dedi
ated halt lo
ation in AM is rea
h-able if and only if the halt state of M is rea
hable. It will be ensured that notask 
an miss its deadline as long as the halt lo
ation is not visited. In turn,the queue 
an unboundedly grow in the halt lo
ation, making tasks miss theirdeadlines. The result of these two properties is that AM will be uns
hedulableif and only if M 
an rea
h its halt state.For ea
h state of M 's 
ontrol unit there is one 
orresponding lo
ation li in
AM . These lo
ations are 
onne
ted depending on the operation whi
h M wouldexe
ute at the 
orresponding state (in
rement, de
rement, bran
hing), throughauxiliary lo
ations "exe
uting" this instru
tion.To en
ode the 
ounters into 
lo
k values, an N -wrapping 
onstru
tion from[HKPV98℄ is used. All 
lo
ks x stay within the interval [0, N ] for a 
onstant Nby resetting ea
h 
lo
k x as soon as x = N (wrapping reset). For a dedi
atedsystem 
lo
k xsys these are the only resets (whi
h makes xsys periodi
). Inthis way, wrapping values for all other 
lo
ks 
an be de�ned as their values atthe (periodi
) times where xsys = 0. Thus, between any two 
onse
utive non-wrapping resets of the 
lo
k x (i.e., resets when x < N holds), its wrapping valuedoes not 
hange.Using this 
onstru
tion, the value v of a 
ounter C 
an be kept as thewrapping-value 21−v of a 
lo
k xC . Therefore, this wrapping-value of xC is al-ways smaller than or equal to 2. The 
onditional bran
hing is done by dire
tly
omparing the value of xC to 2, and the in
rement (de
rement) operation isimplemented as dividing (multiplying) the wrapping value of xC by 2. For theimplementation of the de
rement, a task Q with �xed 
omputation time is re-leased at a non-deterministi
ally 
hosen time and a 
lo
k xCnew is reset at thesame time. This task is then preempted by a task P of higher priority withvariable exe
ution time. P is released when xC is reset to zero by a wrappingedge. A guard with xdone = 0 is used to 
he
k if its exe
ution time is equal tothe wrapping value of xC , i.e., if it �nishes when xsys is reset. This preemptionis repeated, and by using the xdone = 0 guard again afterwards to 
he
k that
Q �nishes when xsys is reset, the wrapping-value of xCnew is for
ed to be thedouble of the wrapping value of xC . The response time of Q is a 
onstant time(its 
omputation time) plus two times the wrapping value of xC � be
ause ofthe two preemptions from P . If any step in the 
onstru
tion fails (some non-deterministi
 
hoi
e was wrong), the automaton enters a sink lo
ation whereno task is released. Figure 1 illustrates a su

essful run of the whole de
rementpro
edure. 10
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Figure1. Time 
hart of the doubling pro
edure using the N-wrapping 
onstru
tion.An in
rement for C needs to halve xC . To a
hieve this, the wanted new valueis simply guessed in a 
lo
k xCnew and then 
he
ked using the above de
rementpro
edure. Only if the double of xCnew is xC , the 
omputation will 
ontinue.During all three operations, all used tasks meet their deadline (using a �xedpriority s
heduler) and therefore the automaton is s
hedulable as long as itexe
utes these instru
tions. A spe
ial lo
ation lhalt is used to represent the haltstate of M . This lo
ation releases the task Q and it has an unguarded sel�oop.Therefore, if AM rea
hes lhalt, it will be able to release an unbounded amountof task instan
es at the same timepoint, making the system uns
hedulable.Lemma 2 ([FKPY07℄). For a given two-
ounter ma
hine M , the 
onstru
tedtask automaton AM is uns
hedulable with the �xed priority s
heduler if and onlyif M halts.Note that the 
onstru
tion uses all three properties (preemption, variableexe
ution time, feedba
k) given in Se
tion 2.4.2 Unde
idability on multi-pro
essor without feedba
kWe extend this result to the multi-pro
essor 
ase for the systems with preemptives
hedulers and variable 
omputation time of tasks, but the �nishing time of atask is never tested in the guards of a task automaton, that is, task feedba
kis not allowed (xdone is never used in guards). To a
hieve the same e�e
t aswith the task feedba
k, we develop two me
hanisms based on the status of taskqueues and the multi-pro
essor s
heduling poli
y. First, we des
ribe how theguards xdone = 0 
an be repla
ed by 
ertain task releases so that the system isstill able to dete
t if the task in question �nished at the right time. Se
ondly, a
onstru
tion will be given to store this information in a task queue.Both me
hanisms will ensure that the demand for task feedba
k in the 
on-stru
tion is removed. There is no bran
hing upon the fa
t whether xdone = 0,the automaton 
ontinues its 
omputation even if some non-deterministi
 
hoi
eof the system is wrong. However, to store the information about the fa
t that11


